We give a brief discussion on the limitations involving the expression µ = ∆φ 8π
linear energy density measuring the space-time angular deficit. We would like to investigate this question more closely.
The cosmic string in a curved space-time is a special solution of the Einstein equations coupled with scalar and gauge fields in which the stress-energy tensor is concentrated around a "line" of false vacuum. The non-gravitational fields are described by the Lagrangian [4] :
where A ν is a vector field, Φ ≡ R e iψ is a complex scalar field, ∇ a is the covariant derivative with respect to the space-time metric, F νκ ≡ ∇ ν A − ∇ κ A ν , α, η and e are constants. (Note that ν, κ = 0, 1, 2, 3, andh = 1).
The exact string solution for the Lagrangian (1) is not known but it is assumed that the fields have the form:
It is expected that R → η and P → 1 as r → ∞. This asymptotic behavior of the fields is important since it assures that the stress-energy tensor drops to zero far from the string axis [4] . Other relevant property, which comes from (2), is that the associated stress-energy tensor is static, has cylindrical symmetry and it is boost-invariant along the axis direction.
It is reasonable to assume the same symmetries for the metric. The most general metric with these symmetries can be put in the form:
where −∞ < t, z < ∞, 0 < r < ∞ and 0 ≤ φ < 2π. The regularity condition on the string axis imposes that U r → 1 as r → 0, and we can take V (0) = 0 by a convenient choice of the Killing vectors ∂ t and ∂ z .
According to Garfinkel [4] and other authors [1, 5, 6] , the linear energy density µ of the string is defined as the integral of the energy density ρ = −T t t , which is measured by the observers associated with the vector field e −V (r) ∂ t , over the transversal section t = const and z = const :
With some additional assumptions, Garfinkel [4] has shown that the metric is asymptotically a conical space-time with UV ′ → 0 as r → ∞. Taking into account these results and using the Einstein equation, 8πUT 
When the energy of the false vacuum is null (η = 0), the metric reduces to the Minkowski metric. Then, Garfinkel [4] argued that for small η 2 ( the estimated value for grand unified strings is η 2 < 10 −4 ), the metrics components will have little deviation from the flat metric values. Based on this approximation, he estimated the order of the correction for U and V and, then, showed that µ is of the order of η 2 but the integral term is of the order of η 4 .
Thus, to a good approximation:
The complicated form of the full Einstein-gauge-scalar equations for the strings does not recommend that we look for the exact string solution. Thus, we have to restrict ourselves to approximated relations such as equation (6) . To get further insight about the exact form of the metric in the string solutions, some authors propose to use simple models to describe cosmic strings.
It is estimated that the transverse dimensions of the string is very small compared with its length. Then, it may be appropriate treating the string as an energy distribution concentrated around an axis in such a way that the string can be confined into a thin cylinder. In addition, it would be reasonable to assume that the stress-energy tensor has all the symmetries mentioned previously. Hiscock [2] and Gott [3] studied the simplest model with these properties. Their model admits a stress-energy tensor with uniform energy density ρ and it is given by
with all other components equal to zero. The parameter ℓ is the cylinder radius. For r > ℓ, the stress-energy vanishes, since we are considering that the string is surrounded by vacuum.
The space-time generated by this energy distribution can be determined. We can distinguish between two regions, inside and outside the cylinder, to which correspond respectively an interior and an exterior metric that can be smoothly joined :
with λ = cos γ. This relation comes from the continuous junction condition through the cylinder surface r ′ = ℓ, which demands the metric and extrinsic curvature of the cylinder surface to be both continuous.
Regarding the definition of the linear energy density, it can be shown that the angular deficit is
which coincides with the approximate result (6), but now holds for all orders in µ. Note that this equation is independent of the cylinder radius. Then, taking the limit ℓ → 0, the distribution can be idealized as a line source with a well defined linear energy density which produces a conical space-time with an angular deficit proportional to µ.
This result seems to be questionable, since it was derived from a string whose stressenergy tensor has a very simple form. But the strings models can be enlarged as was demonstrated by Linet [5] , who showed that for models with non-uniform energy the relation (10) is also satisfied. Then, we could be led to suppose that this is a general characteristic,
i.e., that the angular deficit of a conical space-time generated by a line source is given by (10) .
However this conclusion is not correct as was shown by Geroch and Traschen [7] , who considered another string model for which the interior metric corresponds to (8) multiplied by a conformal factor:
where f is a smooth non-negative function with compact support inside the interval
The properties of the function f at r ′ = ℓ ensure a continuous junction with the exterior conical metric. Moreover, the associated stress-energy tensor has all desirable symmetries.
Hence, the metric above is, in fact, a possible interior solution. Now, calculating the linear energy density we obtain
We can choose β in such a way that µ is positive. Then, taking the limit ℓ → 0, we get a line source for the conical metric with µ less than the angular deficit. Thus, according to Geroch and Traschen [7] : "the procedure of taking the limit of a family of well-behaved sources does not in general yield an unique relationship between the mass per unit length and deficit angle".
So, we have to specify stronger conditions for the string models, imposing a great number of constraints to the internal distribution, if we want to assure the validity of relation (10).
It is a hard task, which was considered by Israel [8] . Another possibility is to restrict the space-time to a special class of manifolds for which the distributional formalism can be used to treat conical singularities [9] .
We would like to approach this problem in another way. Instead of trying to determine the conditions to be satisfied by the internal model in order to preserve relation (10), we admit that (10) may be incomplete and ask for the existence of another physical attribute of the source that could be unambiguously associated with the angular deficit.
Firstly, consider the metric in the Gaussian form:
The Einstein equations in this coordinate system can be written in the following way:
where
is the extrinsic curvature of the r = const hypersurfaces, K is the trace of K We consider an internal model whose associated stress-energy tensor is static and has cylindrical symmetry. So, we will admit that the interior metric can be put in the form
where r measures the geodesic distance from the axis (r = 0). We can take V (0) = W (0) = 0 by appropriate normalization of the Killing vectors ∂ t and ∂ z . As we have seen earlier, the regularity condition on the axis demands that lim r→0
The extrinsic curvature of the r = const hypersurface is easily calculated:
, where prime denotes derivative with respect to r. For the metric above, the Einstein equations reduce to the form:
Integrating equation (18) over the transversal section of the string, the surface t = const and z = const, we obtain:
We are looking for interior metrics that can be matched smoothly with a conical metric.
On the cylindrical hypersurface r = ℓ, the continuity conditions for the metric and extrinsic curvature requires that:
Then, from these conditions and equation (21), we obtain
For i, j = t, we have
where ρ and p r are the volumetric energy density and the radial pressure respectively, both measured by the observers associated to the field e −V ∂ t .
Equation (25) is an exact formula which generalizes (10) . We can notice important differences by comparing them. In (25) the integration is done taking the volume √ −g of the whole space-time, while definition (4) uses the area element (2) g induced on the surface t = const and z = const. This replacement has a physical meaning which we shall try to interpret now. The factor (2) g gives only the correction for the area element da = (2) gdrdφ due to the curvature of the surface t = const and z = const. On the other hand, √ −g = √ −g tt (3) g contains two distinct contributions: one due to the spacial curvature incorporated by dV = (3) gdrdφdz, which is the proper volume element of the three-space split by the observers e −V ∂ t ; and another contribution corresponding to the term √ −g tt . As
we know, in the weak field approximation, this component g tt is related to the Newtonian gravitational potential ψ (g tt ≃ 1 + 2ψ). This is an interesting result because, expanding (25) in this approximation, we obtain a term proportional to 1 2 ρψ, which is the gravitational energy of the Newtonian field ψ 1 . Thus, the factor √ −g in (25), in a certain sense, introduces a contribution due to the energy of the gravitational field.
Besides this, we have the presence of an additional term related to the radial pressure.
It is the radial pressure that sustain the static internal structure of the string against the attractive gravitational force. Then, we could say that the pressure term is also related to the gravitational energy. Thus, equation (25), which remind us the integrals of Tolman [10] , suggests that gravitational energy is also relevant for the exact relationship between the angular deficit and the internal structure of the source.
Equation (25) does not depend on the cylinder radius ℓ. Thus, this relation is maintained even if we take the limit ℓ → 0, whenever the integral on the right hand side converges in this limit. It may happen that separately the integral of ρ and p r diverges in this limit, but the integral of the combination ρ − p r is finite. Relation (25) is also applicable to extended distributions, as the complete string model described by the Lagrangian (1). In this case, the junction condition must be considered at ℓ = ∞.
For simple models, as such Hiscock and Gott models, p r = 0 and √ −g = (2) g. Thus, relation (25) reproduces the old one. However, equation (25) holds for more models than (10) does, since, for example, the radial and circular pressures do have to be zero and the state equation does not have to be necessarily p z = −ρ in all interior points. This last conditions must be valid only globally in the integral form.
